We prove semipositivity of the curvature of the Narashimhan-Simha metric on an arbitrary flat projective family of varieties with only canonical singularities. This also implies that the direct image of pluricanonical systems have natural continuous hermitian strucutres with semipositive curvature curvature currents in the sense of Nakano. This paper is a revised version of [T4] using [T5, T6]. MSC: 14J15,14J40, 32J18
Introduction
Let f : X −→ S be a flat projective family of varieties over a complex manifold S. In [N-S] , Narashimhan and Simha constructed a continuous hermitian metric h m on mK X/S for every sufficiently large positive integer m, when f is smooth and K X/S is relatively ample. They studied the parameter dependence of the metrics ( p.122, Section 3] ) and proved the existence of moduli space of smooth projective varieties with ample canonical bundle ( p.126, Theorem] ).
This metric depends only on the complex structure of X, hence it is functorial under biholomorphisms. Although they argued only the case of relatively ample K X/S , the same construction can be applied also to the case that a general fiber has nonnegative Kodaira dimension (cf. Section 3). We call the metric the Narashimhan-Simha metric. But in this case we see that the resulting metric is a singular hermitian metric. And the metric is functorial under birational morphism in an appropriate sense (cf. Section 4.3).
The semipositivity result of Y. Kawamata [Ka1, p.57, Theorem 1] proved that when X is smooth and S is a projective curve, then f * O X (mK X/S ) is semipositive on S in the sense of algebraic geometry, i.e., any quotient sheaf of f * O X (mK X/S ) has semipositive degree. We note that the semipositivity in [Ka1, p.66, Theorem 1] comes from a Finsler type metric but not from a hermitian metric on f * O X (mK X/S ).
The purpose of this paper is to refine this semipositivity result in terms of the Narashimhan-Simha singular hemitian metric on the multi relative canonical sheaf O X (mK X/S ). In this case it is natural to consider flat projective families of varieties with only canonical singularities (cf. Definition 2.1). Namely we prove the following theorem. Let h m be the Narashimhan-Simha singular hermitian metric on mK X/S (cf. Section 3.1) on X • := f −1 (S • ) Then h m has semipositive curvature in the sense of current on X
• and the curvature −dd c log h m extends across X − X • as a closed positive current. In particular h m extends to a singular hermitian metric on mK X/S across X −X
• .
The main difference between Theorem 1.1 and [Ka1, p.57, Theorem 1] is that in Theorem 1.1 the positivity is on the family X not on the base space S. This fact plays the key role in this paper. Also we note that it is clear that h m has semipositive curvature in the vertical direction, i.e., the restriction of h m to every fiber of f has semipositive curvature. Hence the main assertion of Theorem 1.1 is that the curvature of h m is semipositive also in the horizontal direction. This theorem is new even when K X/S is relatively ample and f : X −→ S is smooth.
We note that the statement of Theorem 1.1 is meaningful, only if f * O X (mK X/S ) is not zero. Otherwise h m is not defined (cf. Section 3.1).
As a direct consequence of Theorem 1.1, we have the following theorem.
Theorem 1.2 Let f : X −→ S be a flat projective family with connected fibers such that a general fiber of f has only canonical singularities. We assume X is normal and S is smooth. We set S • := {s ∈ S | X s := f −1 (s) is reduced and has only canonical singularities}.
Then K X/S has a relative AZD h over S • such that Θ h is semipositive on X (Theorem 4.6).
And F m := f * O X (mK X/S ) carries a hermitian metric h Fm defined by
with Nakano semipositive curvature in the sense of current over S • , where n = dim X − dim S. We note that there is another approach to obtain Theorem 1.2 using the dynamical construction of AZD's (cf [T6] ).
This article consists of three parts. The first part (Section 1,2) consists of the introduction and preliminaries. The second part (Section 3,4) consists of the proof of the semipositivity theorem, Theorem 1.1 and the construction of the canonical AZD for the relative canonical bundle. The third part (Section 5) consists of the proof of Theorem 1.2.
The author would like to express scincere gratitude to Professor Mihai Paun who pointed out an error in the proof of Theorem 5.5 and the reference [B-P] .
In this paper all the varieties are defined over C and the Bergman kernels means the diagonal parts (we do not use the reproducing kernel properties in this paper).
Preliminaries
Here we shall collect basic notions which are used in this article.
Canonical singularities
The notion of canonical singularities were introduced by M. Reid to study canonical models of general type ( [R] ). Actually canonical singularities are caractertized as singularities which appear on the canonical models when the canonical rings are finitely generated.
Definition 2.1 Let X be a normal variety such that the canonical divisor K X is Q-Caritier. If µ : Y −→ X is a resolution of X, then we can write
with F = j e j E j for the exceptional divisors {E j }. We call F the discrepancy and e j ∈ Q the discrepancy coefficient for E j . X is said to have only terminal singularities (resp. canonical singularities, if e j > −1 (resp. ≧ −1) for all j for a log resolution µ : Y −→ X. One can also say that X is terminal (resp. canonical), or K X is terminal (resp. canonical), when X has only terminal (resp. canonical) singularities.
Definition 2.2 Let X be a normal variety with only canonical singularities. Let x be a point on X. The local index of X at x is the least positive integer r such that rK X is Cartier near x. The global index of X is the least positive integer r such that rK X is Cartier on X.
The following theorem is fundamental in this article. Ka3, p.85, Main Theorem] ) Let π : X −→ S be a flat morphism from a germ of variety (X, x 0 ) to a germ of a smooth curve (S, s 0 ) whose spetial fiber X 0 = π −1 (s 0 ) has only canonical singularities. Then X has only canonical singularities. In particular, the fibers X s = π −1 (s) have only canonical singularities.
Singular hermitian metrics
In this subsection L will denote a holomorphic line bundle on a complex manifold M .
Definition 2.4 A singular hermitian metric h on L is given by
is an arbitrary function on M . We call ϕ a weight function of h.
The curvature current Θ h of the singular hermitian line bundle (L, h ) is defined by
where ∂∂ is taken in the sense of a current. The
where U runs over the open subsets of M . In this case there exists an ideal sheaf
holds. We call I(h) the multiplier ideal sheaf of (L, h). If we write h as
is the weight function, we see that
loc (M ) we define the multiplier ideal sheaf of ϕ by
is a singular hemitian metric on L, where h 0 is an arbitrary C ∞ -hermitian metric on L (the right hand side is ovbiously independent of h 0 ). The curvature Θ h is given by
where (σ) denotes the current of integration over the divisor of σ. 
Lelong numbers
The Lelong number is a measure of singularities of closed positive currents. We note that a subvariety of codimension p can be identified with the current of integration over it. In this special case the Lelong number exactly corresponds to the multiplicity. Hence we can consider the Lelong number as a generalization of the notion of multiplicities.
Let W ⊂ C n be a domain, and Θ a positive current of degree (q, q) on W . For a point p ∈ W one defines
The Lelong number of Θ at p is defined as
If Θ is the curvature of h = e −u , u plurisubharmonic, one has
The definition of a singular hermitian metric carries over to the situation of reduced complex spaces. The definition is independent of the choice of a desingularization under a further assumption. Suppose that Θh ≥ −c · ω in the sense of currents, where c > 0, and ω is a positive definite, real (1, 1)-form onZ of class C ∞ . Let
loc on Z ′ with a similar lower estimate for the curvature. The push-forward p 1 * p * h is a singular hermitian metric on Z 1 . In particular, the extension of h to a desingularization of Z is unique.
In [G-R] for plurisubharmonic functions on a normal complex space the Riemann extension theorems were proved, which will be essential for our application.
For a reduced complex space a plurisubharmonic function u is by definition an upper semi-continuous function u : X → [−∞, ∞) whose restriction to any local, smoothly parameterized analytic curve is either identically −∞ or subharmonic.
A locally bounded function u :
is called weakly plurisubharmonic, if its restriction to the regular part of X is plurisubharmonic.
Differential forms with compact support on a reduced complex space are by definition locally extendable to an ambient subspace, which is an open subset U of some C n . Hence the dual spaces of differential C ∞ -forms on such U define currents on analytic subsets of U . The positivity of a real (1, 1)-current is defined in a similar way as above.
For locally bounded functions of class L 1 loc the weak plurisubharmonicity is equivalent to the positivity of the current dd c u. It was shown that these functions are exactly those, whose pull-back to the normalization of X are plurisubharmonic. We note This definition is compatible with Definition 2.4. Let L be a holomorphic line bundle on a complex space Z equipped with a positive, singular hermitian metric h r on L|Z reg . If π :Z → Z is a desingularization, andh a positive, singular hermitian metric on π * L, extending h|Z reg , we see that − log h r is locally bounded at the singularities of Z so thath induces a singular, positive metric on L over Z.
The Lelong number of the curvature current of a pseudoeffective singular hemitian line bundle (cf. Definition 2.7) can be observed as an obstruction for nefness by the following lemma.
Lemma 2.10 (cf. [T1, T2] ) Let X be a smooth projective variety and let (L, h) be a singular hermitian line bundle such that Θ h is semipositive in the sense of current and the Lelong number 
Proof of Lemma 2.10. Let x ∈ X be an arbitrary point on X. Let A be a positive line bundle on X and let h A be a C ∞ -hermitian metric on A such that ω := Θ hA is a Kähler form. And let d x denote the distance function from x with respect to a Kähler form ω on X. Let a be a positive integer such that (2n + 2) log d x + Ric ω + aΘ hA is strictly positive for every x ∈ X, where n denotes the dimension of X. This implies that d
is a singular hermitian metric on A − K X + mL with strictly positive curvature. Then by Nadel's vanishing theorem [N, p.561] and the description of the Lelong number (1), we see that mL + aA is free at x for every m. Since m and x are arbitrary, this implies that L is nef. 
Analytic Zariski decompositions (AZD)
In this subsection we shall introduce the notion of analytic Zariski decompositions. By using analytic Zariski decompositions, we can handle big line bundles like nef and big line bundles.
Definition 2.12 Let M be a compact complex manifold and let L be a holomorphic line bundle on M . A singular hermitian metric h on L is said to be an analytic Zariski decomposition, if the followings hold.
1. Θ h is a closed positive current, 2. for every m ≥ 0, the natural inclusion
is an isomorphim. 3 Narashimhan-Simha metrics
In this section, following [N-S] , we shall define a singular hermitian metric on the canonical bundle of a smooth projective manifold with nonnegative Kodaira dimension and study the behavior of the metric under deformation.
Narashimhan-Simha metrics
Let X be a smooth projective variety with nonnegative Kodaira dimension of dimension n. Let m be a positive integer. For a section
, it is a continuous and has the properties :
But it is not a norm on
. We call K m the m-th Narashimhan-Simha potential of X. The continuity of K m follows from the expression
where {σ
. We define the sin-
We call h m the Narashimhan-Simha metric on mK X . This metric is introduced by Narashimhan and Seshadri for smooth canonically polarized variety to study the moduli space of canonically polarized variety ( [N-S] ). We note that the singularities of h m is located exactly on the support of the base locus of | mK X |. Hence in the case of canonically polarized variety, h m is a nonsingular continuous metric on mK X for every sufficiently large m. Since K m is locally the supremum of the family of powers of absolute value of holomorphic functions we see that the curvature
is a closed positive current. For applications sometimes more convenient to consider the following regularization of Θ hm .
Let us define the
The inner product is well defined, because by the definition of K m , the zero of K m corresponds exactly the ideal of Bs | mK X |. Let {σ
) with respect to the innner product ( , ) m . We define the Bergman kernelK m bỹ
ThenK m is independent of the choice of the complete orthonormal basis {σ
holds, where denotes the L 2 -norm with respect to ( , ) m (see for example [Kr, p.46] ).
Then the closed positive current
coincides (up to some normalized constant) the pullback of the Fubini-Study Kähler form on P N (m) on X\Supp Bs | mK X | by the rational map :
We call ω m the Narashimhan-Shimha Kähler current.
Dependence of Narashimhan-Simha metrics on families
Let f : X −→ S be a flat projective family of varieties with only canonical singularities. Let n denote the relative dimension of f : X −→ S. Let X s denote the fiber f −1 (s)(s ∈ S). Let m be a positive integer and let K m,s be the Narashimhan-Shimha potential of mK Xs . Then we obtain the family {mK Xs } s∈S of Narashimhan-Simha potentials over S and the family of Narashimhan-Simha metrics {h m,s } s∈S on X s . In [N-S] Narashimhan-Simha proved the continuous dependence of K m,s with respect to s ∈ S, when K X/S is relatively ample and f is smooth. The key argument here is the invariance of the plurigenera P m (X s ) = h 0 (X s , O Xs (mK Xs )) with respect to s ∈ S which is derived by the Kodaira vanishing theorem at that time.
We note that by [Ka3, p.91, Theorem 6] and [S1, S2, T3] , the plurigenera P m (X s ) is independent of S. Hence every global holomorphic section of mK Xs extends holomorphically to nearby fibers.
Hence by the defiition of the Narashimhan-Simha potential, we have the following lemma.
Lemma 3.1 {K m,s } is continuous with on X.
By Lemma 3.1 we see that there exists a relative volume form K m such that
holds for all s ∈ S. We call K m the Narashimhan-Simha potential of the family f : X −→ S and also h m := 1 K m the Narashimhan-Simha metric on mK X/S respectively.
Positivity of Narashimhan-Simha metrics on projective families
In this subsection we shall prove Theorem 1.1. Let f : X −→ S be a flat projective family with connected fibers such that a general fiber has only canonical singularities over a complex manifold S. We set S • := {s ∈ S | X s := f −1 (s) is reduced and has only canonical singularities}.
For s ∈ S, we denote X s the fiber f −1 (s). For the proof we may and do assume that S is the open unit disk ∆ in C. We note that f * O X (mK X/S ) is not compatible with base change. Nevertheless this is enough to prove the statement of Theorem 1.1 on the extension of h m across X − X−
• holds, by slicing.
Let us denote Ka1, p.63, Lemma 7 and p.64, Lemma 8] [E] 
or cf.[K-M]).
Let us fix an arbitrary s ∈ S
• . Let x ∈ X s , r be a positive number such that ∆(s, r) ⊂ S and let τ : ∆(s, r) −→ X be any holomorphic section such that τ (s) = x. In general the such a section does not exist when x is a singular point on X s . This case will be treated later.
Let
holds, where η(s) denotes the restriction η | Xs and η(s, x) denotes the point value of η(s) at x. Let a be a positive integer such that aK X/S is Cartier. Let Ω be a local generator of the invertible sheaf O X (aK X/S ) on a neighbourhood U of x. Shrinking S, if necessary, we may assume that τ (∆(s, r)) ⊂ U holds. Let f be the function on ∆(s, r) defined by
Then we see that
holds by the subharmonicity of the logarithm of abolute value of holomorphic function. On the other hand we see that
holds by Lemma 3.2. By (1) and (2), we see that
We note that
holds by the definition of K m . Hence we see that
holds. Hence log K m is plurisubharmonic on τ (∆(s, r)).
Next we shall deal with the case that there exists no local section passing through x. In this case the above argument also holds replacing section by holomorphic disk τ : ∆ −→ X passing through x.
Since x an τ are arbitrary, the curvature Θ hm = √ −1∂∂ log K m is semipositive everywhere on X
• . Since for every local holomorphic section σ of f * O X (mK X/S ) the function
is of algebraic growth along S − S • . More precisely for s 0 ∈ S − S • as in [Ka1, p.59 and p. 66] there exist positive numbers C, α, β such that
holds. Hence h m is also of algebraic growth by its definiton along the fiber on S − S • . Hence the current −dd c log h m on X • extends to a closed positive current on X.
This completes the proof of Theorem 1.1.
Remark 3.4 As one sees in the proof above, the semipositivity of the curvature Θ hm is the consequence of the Kawamata's semipositivity ([Ka1, p.63 Lamma 7] and the fact that the supremum of plurisubharmonic functions are again plurisubharmonic if we take the uppersemicontinuous envelope (cf. Theorem 4.4).
Let us consider the direction in which Θ hm is strictly positive. Let
be the projective bundle associated with F * m and let
be the tautological bundle on L. Then Ka1, p.63 , Lemma 7 and p.64, Lemma 8] we see that the curvature current Θ hL is semipositive. We note that on the fiber of p, Θ hL is semipositive and is the curvature of the tautological line bundle which is ample on the fiber. In fact let η(t)(t ∈ ∆) be a holomorphic family of sections on a fixed projective variety X. Then by the concavity of logarithm, for every r ∈ [0, 1)
hold and the similar inequality holds for every point on S (this is a special case of [Ka1, p. 63 , Lemma 7 and p.64, Lemma 8]).
Hence Θ hL | p −1 (s) is strictly positive on the generic point of the fiber p −1 (s) for every s ∈ S. We note that Θ hL is strictly positive in the direction in which the coupling of the Kodaira-Spencer class of the logarithmic deformation in the direction and the m-th root of the m-canonical forms is nonzero as in the proof of [Ka1, p.63, Lemma 7] (this is not explicitly stated in the proof of [Ka1, p.63, Lemma 7] , but the discussion in [Ka2] clarifies this standard fact). Hence to specify the strictly posive direction of Θ hm , we need the following infinitesimal Torelli theorem (see also Remark 3.4 above). 
is contained in the image of the natural homomorphism
Hence by the proof of Theorem 1.1 and Theorem 3.5, we have the following refined semipositivity theorem. 
Canonical AZD
In this section, we shall prove that the canonical bundle of every smooth projective manifold of nonnegtive Kodaira dimension carries a canonical AZD which is functorial under any birational morphism. Namely we shall prove the following theorem. 
We define a semipositive (n, n)-form K ∞ on X by
Then K ∞ exists as a bounded (n, n)-form on X (n = dim X) and
As a corollary, we have the following : 
Construction of the canonical AZD
The supremum of a family of plurisubharmonic functions uniformly bounded from above is known to be again plurisubharmonic, if we modify the supremum on a set of measure 0(i.e., if we take the uppersemicontinuous envelope) by the following theorem of P. Lelong. L, p.26, Theorem 5] ) Let {ϕ t } t∈T be a family of plurisubharmonic functions on a domain Ω which is uniformly bounded from above on every compact subset of Ω. Then ψ = sup t∈T ϕ t has a minimum uppersemicontinuous majorant ψ * which is plurisubharmonic. We call ψ * the uppersemicontinuous envelope of ψ.
Remark 4.5 In the above theorem the equality ψ = ψ * holds outside of a set of measure 0(cf. [L, p.29 
]).
Proof of Theorem 4.1. Since
holds for every m such that | mK X | = ∅. Since h m = 1/K m has semipositive curvature in the sense of current, by the submeanvalue property of plurisubharmonic functions, we see that {C
is a uniformly bounded family of semipositive (n, n)-forms on X. Hence the pointwise supremum
exists as a semipositive (n, n)-form on X. By definition
holds for every m. Hence h := the lower envelope of 1 K ∞ is a well defined singular hermitian metric on K X and
holds for every m ≧ 1. We note that the definition of K m ,
holds for every m ≧ 1. Then combining (5) and (6), we see that
holds for every m ≧ 1. On the other hand, by Theorem 4.4 , we see that the curvature current Θ h of h is seimipositive in the sense of current.
Hence h is an AZD of K X .
Canonical AZD for families
The construction of the canonical AZD in Theorem 4.1 can be applied to a flat projective family of varieties with only canonical singularities similarly as in Section 3.2.
Theorem 4.6 Let f : X −→ S be a flat projective family of varieties with connected fibers such that a general fiber of f has only canonical singularities and nonnegative Kodaira dimesnion. We set
is reduced with only canonical singularities}.
Then there exists a singular hermitian metric h on K X/S with semipostive curvature current such that for every s ∈ S • , h | Xs is an AZD of K Xs .
Proof of Theorem 4.6. The construction is essentially same as in the last subsection. Let {K m,s }(s ∈ S • ) be the family of the m-th Narashimhan-Simha potentials over S
• . We define the relative potential
Suppose that there exists
Then for any point x ∈ X s and positive integer ℓ, we see that
holds by the definition of K m0ℓ,s . Hence by using the invariance of plurigenera ([S1, S2, T3, Ka3] ), since we have assumed that every fiber on S • has nonnegative Kodaira dimension, there exists a positive continuous function c(s) on S • such that for every positive integer ℓ and s ∈ S
holds.
On the other hand, we obtain the upper estimate of
as follows. Let us fix a C ∞ -volume form dV s on X s , such that dV
by the submeanvalue property of plurisubharmonic functions, there exists a positive constant C ′ (s) independent of σ and m such that
holds on X s . Hence there exists a positive continuous function
holds for every m ≧ 1. Let s 0 ∈ S • be an arbitrary point. We set
is an AZD on K Xs 0 as in Theorem 4.1. By the estimates (7) and (8), we see that K ∞ is a nontrivial locally bounded realative volume form on f −1 (S • ). By the plurisubharmonic variation property of K m (Theorem 1.1), dd c log K ∞ ≧ 0 holds on S • . Then again by the proof of Theorem 4.1, we see that K ∞ | X s is an AZD of K Xs for every s ∈ S
• by the above construction (especially by the estimates (7) and (8)). Now we consider the extension of the closed positive current
. But this is trivial, since each K 1 m m has only algebraic singularities along X−f −1 (S • ), in other words, for any local holomorphic section
has algebraic growth glong S − S • as (4) in Section 3.2 by its definition (this has been already observed in [Ka1, ). Hence by definition, dd c log K ∞ also extends across X − f −1 (S • ) as a closed positive current (one may also use Lemma 5.6 below).
By Theorem 1.1 and the recent result of finite generation canonical rings ([B-C-H-M]) and Theorem 3.5 we have the following theorem immediately (see Theorem 3.6). 
Birational invariance
By the definition of the canonical AZD in Theorem 4.1, one can see easily that it is invariant under birational morphism.
Let X, X ′ be smooth projective variety with nonnegative Kodaira dimension. Suppose that X and X ′ are birational. Then there exists a smooth projective variety Y which dominates birationally both X and X ′ . Let f : Y −→ X and f ′ : Y −→ X ′ be the birational morphism. For every positive integer m, let us denote the m-th Narashimhan-Simha potential of X and X ′ by K m and K ′ m respectively. Then for every positive integer m, by the definition of the NarashimhanSimha potential, we see that
holds on Y . Hence the Narashimhan-Simha potential is invariant under birational morphisms and the canonical AZD for K X is also invariant under birational morphisms.
An application of the canonical AZD
We shall show an easy application of the canonical AZD.
Theorem 4.8 Let f : X −→ C be a semistable projective family over a projective curve C such that K X/C | F is ample for every fiber F . Then K X/C is nef.
Proof of Theorem 4.8. Let C 0 ⊂ C be the Zariski open subset such that f is smooth over C 0 . Let m be a positive integer such that mK X/C is relatively very ample. Let h m be the Narashimhan-Simha metric on mK X/C | f −1 (C 0 ). Let F 0 = D i be a singular fiber. We note that in this case by the L 2 -extension theorem [O, Theorem] , for every i, every element of
where V is a neighbourhood of f (F 0 ). Hence we see that h m = K −1 m extends to a singular hermitian metric on mK X/C on the whole X so that K m extends continuously to X.
Then by the definition of h m , for every sufficiently large m, h m |D i is a smooth metric on the globally generated sheaf
. By the construction of the canonical AZD h, we see that h is a singular hermitian metric on K X/C with the semipositive curvature current Θ h satisfying ν(Θ h ) ≡ 0 on X by the relatively ampleness of K X/C . This implies that K X/C is nef by Lemma 2.10.
Positivity of the direct images of pluricanonical systems
In this section we prove Theorem 1.2.
Theorems of Maitani-Yamaguchi and Berndtsson
In 2004, Maitani and Yamaguchi proved the following theorem.
Recently generalizing Theorem 5.1, B. Berndtsson proved the following higher dimensional and twisted version of Theorem 5.1.
And let φ be a plurisubharmonic function on D. For t ∈ ∆, we set D t := Ω ∩ (C n × {t}) and
be the Bergman kernel of the Hilbert space
Then log K(z, t) is a plurisubharmonic function on D.
As in mensioned in [B2] , his proof also works for a pseudoconvex domain in a locally trivial family of manifolds which admits a Zariski dense Stein subdomain. Also he proved the following theorem. 
over the open ball B(O, 2) of radius 2 with center O. Let
the fiber space defined by F (x, t) = (f (x), t).
Let ε be a positive number less than 1. We set
be the family defined by f ε (x, t) = t.
Since for (x, t) ∈ X(ε), x ∈ f −1 (B(t, ε)) holds, we see that
holds. Hence we may consider X(ε) t as a family
We note that T (ε) is a domain of holomorphy in C 2m . Hence X(ε) is a pseudoconvex domain in X × B (O, 2) . Since X × B(O, 2) is a product manifold, the proof of Theorem 5.2 works without any essential change in this case (cf. [B1] ). Hence if we define K ε by
holds on X(ε). We note that
holds for almost all t ∈ B, where dµ(t) denotes the standard volume form on C m . In fact, if we consider the family
as a family over the unit open ball B in C m with center O by
the limit as ε ↓ 0 is nothing but the trivial family X t × B. And we note that for a L-valued canonical form σ on f −1 (B(t, ε)),
is nothing but the L 2 -norm of the L-valued canonical form σ with respect h L over f −1 (B(t, ε)) by Fubini's theorem, where we abbrebiate the standard Lebesgue measure on C m . In this way the L 2 -norm on f −1 (B(t, ε)) can be viewd the molification of the L 2 -norm on the fiber f −1 (t). Hence as ε ↓ 0, the molified norm converges to the norm on the fiber almost everywhere on B. Then the desired equality follows from the L 2 -extension theorm ( [O-T, O] ) and the extremal property of the Bergman kernels. In fact the L 2 -extension theorem implies
for almost all t ∈ B and the converse inequality follows from the convergence to the trivial family as above.
Combining (9) and (10), we see that h B has semipositive curvature on f −1 (S • ). To get an extension of h B across X − f −1 (S • ), let us quote the following lemma. The extension of h B in Theorem 5.4 follows from Lemma 5.6. In fact since K(X(ε) t , K X + L | X(ε) t , h L | X(ε) t ) varies plurisubharmonic way in t ∈ B, {vol(B(t, ε)) · K(X(ε) t , K X + L | X(ε) t , h L | X(ε) t ) | Xt } t∈B is uniformly bounded on B even when t ∈ S − S
• . Then letting ε tend to 0 and applying Lemma 5.6 we see that −dd c log h B extends across X − f −1 (S • ) as a closed positive current.
This completes the proof of Theorem 5.4.
The proof of Theorem 5.5, is quite similar. First we note that f ε : X(ε) −→ B is everywhere smooth. For the moment, we shall assume that E is locally free on B (O, 2) . Then there exists a global generator {σ 1 , · · · , σ r } of E on B(O, 2), where r = rank E. Then we see that every t ∈ B, the fiber of the vector bundle (f ε ) * O X(ε) (K X(ε)/B + L)⊗I(h L ) at t is canonically isomorphic to C r ×O(B(t, ε)) in terms of the frame {σ 1 , · · · , σ r }. And moreover the space O(B(t, ε)) is canonically isomorphic to O(B (O, ε) ) by the parallel translation. In this case
is a vector bundle of infinite rank on B, where p 1 : X(ε) −→ X denotes the first projection p 1 (x, t) = x, (x, t) ∈ X(ε) and (f ε,(2) ) * O X(ε) (K X(ε)/B ⊗ p * 1 L ⊗ I(p * 1 h)) denotes the direct image of L 2 -holomorphic sections.
By the same proof as Theorem 5.3, we see that the curvature current of h E,ε is well defined everywhere on B and is semipositive in the sense of Nakano. Letting ε tend to 0, the curvature Θ hE ε converges to the curvature Θ hE operating on E t ⊗ O B,t in the obvious manner for every t such that f is smooth over t. Hence Θ hE is semipositive in the sense of Nakano.
This completes the proof of Theorems 5.4 and 5.5.
Proof of Theorem 1.2
Let f : X −→ S be a flat projective family with connected fibers such that a general fiber of f has only canonical singularities. We assume X is normal and S is smooth. Let n denote the relative dimension of f : X −→ S. We set S • := {s ∈ S | X s := f −1 (s) is reduced and has only canonical singularities}.
Then K X/S has a canonial AZD h over S such that Θ h is semipositive on X (Theorem 4.6). And over S • , F m is locally free by [Ka3, S2, T3] . Then the hermitian inner product h Fm defined by is continuous on S • , because h m (σ, σ ′ ) is bounded on X s by the construction of h (cf. Proof of Theorem 4.6). And the curvature current of h Fm is semipositive in the sense of Nakano on S
• by Theorem 5.5 (here X need not be smooth but Theorem 5.5 is applicable by resolution and the continuity of metrics ([Ka3, S2, T3] 
